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C/^ ■ Abstract 

We consider the Zakharov system in two space dimension with periodic 
boundary condition: 

■ f idtu — —All + nu, 

<C; [dttn = An + A\u\\ {t,x) e [0,T) xl\ 

' We prove the existence of finite time blow-up solutions of (Z). Further, 

, we show there exists no minimal mass blow-up solution. 

1 Introduction 

(N 

J> I In this paper, we consider the Zakharov system on = (R/27rZ) 



(N 

rn; < 

o: 



' idtu = — Au + nu. 



dun = An + A\uf , (Z) 



1 

^ ii(0) = lio, n(0) = no, ni(0) = ni. 



where co > 0, u : [0, T) x ^ C, n : [0, T) x ^ K and uq, no, ni are initial 
data. Further, in our results, we fix co = 1. 

Zakharov system was introduced in |36j to describe the collapse of Langmuir 
■ wave (or electron plasma waves) in a non-magnetized plasma. In the context of 

^ I the dynamics of Langmuir wave, u represents the slowly varying envelope of the 

electric field and n denotes the deviation of the ion density from its mean value. 
From the physical point of view, the evolution of ([Z]) leads to the formation 
of a cavity of ion density and an amplification of the amplitude of the electric 
field. Further, the collapse of cavity gives an explanation for the mechanism of 
the dissipation of long-wavelength plasma waves. Therefore, the wave collapse, 
which is the finite time blowup of the solution of ([Zj , plays a central role in the 
strong turbulence of Langmuir waves. See, for example j31l I33[ . 

Note that the subsonic limit of Zakharov system (co oo) formally gives 
us the nonlinear Schrodinger equation with critical exponent: 

' ' (NLS) 
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We say critical because it is the smallest power that admits blowup in finite 
time for initial data in the energy class (uq € H^). 

The local-in-time well-posedness for these equations have been extensively 
studied. For a moment we use X to denote or T^. For (jNLS|) . it is known 
for initial data in H''{X), with s > for the case ([8]) and with s > for the 
case (|H)- See [M| for a result on M x T. Moreover, for the strong solution 
u G C{[Q,T]; H'' {X)) obtained, wc have the conservation of mass 

= holL^, vte[o,T] 

and, if s > 1, the conservation of energy 

I llVuWIli. - I Mml = \ livuolli. - \ hollt. , vt e [o,T]. 

The Zakharov system ([Zj has similar conservation laws. First, the mass of 
u{t) is also conserved. In addition, assume tii G H^^{X;M.), where 

H-^{X-M.) {4> e H-^{X-m.)\ e L2(X;M2) s.t. = -VV'} 

(see also Remark [T] below) . Then, dtn{t) G H^^ for all t and the wave part of 
([Z)) may be written in the form 

9tn-fVi;==0; ^9(1; + Vn = -V(|uP), 
4 

for some v{t) G L^(X;R^). In this case, we have the conservation of energy 
£{t) = £(0), where £ is defined by 




The local well-posedness of ([Z]) on in the energy space xL^x was first 
obtained by Bourgain and CoUiander [5], which was improved to x x 
and wider spaces by Ginibrc, Tsutsumi, and Velo The lowest regularity 

in which the local well-posedness is known so far is x H~^/^ x H~^/^ (El)- 
The case is more involved, but the local well-posedness in the energy space 
(actually in x L? x and some wider spaces) was recently proved, see 

Remark 1. The definition of the H^^ norm of 4> = — Vt/" is a bit tricky. It 
would not be well-defined if we used simply the norm of ip. For example, 

consider -4) = (xs, -^Xb) for X = M^, where B := [1, 2]^ U [-2, -1]^ and xb 
is the characteristic function of B, and tjj = (cos(a:;i + X2), ~ cos(a;i + X2)) for 
X = T2. Then, \\tf\\L^ > but (/) ^ -Vip^O. 

Before the definition we recall the Helmholtz decomposition L^(X;R)^ = 
L?„®^G into the solenoidal space L\ = {■0 : Vt/" — 0} and the gradient space G ~ 
{V77 : r] G iji(X;K)}. Let Pg : L'^{X;R)'^ G be the orthogonal projection 
onto G. We now define {{(j^Wfj-i \\^g4'\\l'^ for (j) ~ —V?/', which is a well- 
defined norm on H^^. 
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The time global existence and blow-up problem of (|NLS|) on and have 
also been studied by many authors [IlITOllinilllllllllllMlllSllllllZllMllini 
[35]. It is well known that if uq G H^{M.'^) and ||mo||l2(r2) < ||'5||l2(]i{2-), then the 
solution of (jNLSp on exists globally in time. (In fact, it was recently shown 
by Dodson [1^ that the assumption uq € can be replaced with uq G L^.) 
Here, Q is the unique positive radial solution of 

- AQ + Q -Q^ ^0, xeM^. (2) 

This also holds for the case T'^. That is, if uq G H^{T'^) and ||wo||l2(t2) < 
||Q||l2(k2), then the solution of (|NLSp on exists globally in time. On the 
other hand, if M > ||(3||^2(R2p it is known that there exists uq £ H^{X) 
such that ||ito|li2(x) ~ ''^^'^ the solution of (jNLSp on X blows up in finite 
time (for the case see [2]). In this sense, ||(9||l2(r2) is the sharp threshold 
for the global existence and blowup of (jNLSp both on and on T^. For 
the blow-up problem of ([Z]) on R^, Glangctas and Merle [I^ constructed a 
blow-up solution with ||?/o||^2(-u2) arbitrarily near ||(5||^2. Further, in |12j they 
showed that if ||uo||l2(k2-) < ||Q||l2(k2), then the solution of ([Z]) on with 
(w(0),n(0),rit(0)) = {uo,no,ni) € H^Ir^) x L^{R^) x 7J-1(R2) exists globally 
in time. However, it seems there is no counterpart of the results of Glangctas 
and Merle for as far as the authors know. 

In this paper, we construct a blow-up solution of ([Z]) by using the fixed point 
argument. Further, as in the case, we show that if ||uo||l2(t2) < ||Q||l2(r2), 
then the solution of ([Zj exists globally in time. For (jNLSp . Burq, Gerard, and 
Tzvetkov [6| constructed a blow-up solution on by adapting an idea of Ogawa 
and Tsutsumi |27] . who treated a similar problem on T. In |B] they cut off the 
explicit blow-up solution on and solved the perturbed equation. Thus we 
use the blow-up solution of ([Zj on which was constructed by Glangctas and 
Merle. However, in contrast to (|NLSp . ((Z|) has a derivative in the nonlinearity. 
Therefore, we cannot directly apply the argument of [6] because of the so-called 
"loss of derivative." To overcome this difficulty, we introduce the modified 
energy and derive an a priori estimate for the approximate solutions. Our main 
result is as follows. 

Theorem 1. For arbitrary M > \\Q\\'^]^2(^^2y there exists T = T{M) > and 
a solution {u,n) of ^ in the class {u,n,nt) G C{[0,T); H^iT^) x ^^(T^) x 
H~^{T'^)) with the following properties. 

(i) ll"Wlli2(T2) <M- 

(ii) Ci(T~t)-i < ||u(i)||Hi(T2) + ||n(t)||i2(T2) + ||nt(t)||^_i(T,) < C2(T-i)-i 
for some Ci, C2 > 0. 

(iii) lim ||Vu(t)||i2(T2\B(o,r)) = 0, lim ||7i(t)||i2(T2\B(o,r)) = for any r > 
sufficiently small, where B{a, r) := {a: G \x — a| < r}. 

Our approach is easily generalized to the case of exactly p blow-up points. 
A similar generalization was mentioned by Godet [TS] for (jNLSp . 

Corollary 1. Let {xi, . . . ,Xp\ he distinct points in T^. For arbitrary M > 
p||Q|li2(K2), there exists T = T{M) > and a solution (u, n) of ([Zj in the class 
{u,n,nt) G C([0,T);i7i(T2) x £2(^2) X F-i(T2)) with the following properties. 
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(i) l|wWlli2(T2) < Af. 

(ii) Ci(r-t)-i < ||u(t)||Hi(T2) + ||n(0llL^(T2) + ||ntW||^-i(T2) <C2(r-t)-i 

for some Ci, C2 > 0. 

(iii) - t)\\\7u{t)\\L2^B{x,,r)) > 0, \mi{T - t)\\n{t)\\L2^B(x,,r)) > 0, and 
lim\\Vu{t)\\i^2(^j2\^P^^B(x,.r)) = 0, m-n ||n(t)||i2(T2\uP^^B(x,,r)) = /or 
an?/ r > sufficiently small and any 1 < j < p. 

The global existence of the solution for the case ||mo||l2(t2) < ||Q||l2(r2) is 
a corollary of the following mass concentration result. 

Theorem 2. Suppose (u^n) is the solution of ([Z| which blows up at t = T E 
(0, 00). Then, there exists i„ — !• T and y„ G such that 

liminf / |u(t„,x)pdx> | IQI |i2fR2-| 

for any R > 0. 

Corollary 2. If{uo,no,ni) G i7i(T2)xL2('f2)xi7-i(T2) safe/?es ||iio||L2(T2) < 
|(5||i2(R2'), then the corresponding solution of ([Z]) exists globally in time. 

Corollary [5] can be derived by using the same argument as Glangetas and 
Merle with a sharp Gagliardo-Nirenberg inequality on by Ccccon and Montenegro 
[3]. However, for the proof of Theorem [51 it is not sufficient by itself to replace 
the sharp Gagliardo-Nirenberg inequality on with that on T^. This is because 
the terms ||Vu||^2 and ||w||^2 appearing in the Gagliardo-Nirenberg inequality 
on have different scalings. Therefore, we use a concentration compactness 
argument and split u in many pieces so that we can use the Gagliardo-Nirenberg 
inequality on . 

This paper is organized as follows. In section [2J we formulate the perturbed 
equation which we have to solve to construct a finite time blow-up solution. In 
section |31 we construct an approximate solution by regularizing the perturbed 
equation. In section 21 we introduce a modified energy and derive an a priori 
estimate for the approximate solution. This estimate will allow us to construct 
a solution to the perturbed equation. Also, the idea for multi-point blowup is 
given in section |4l In section [SJ we prove Theorem [2] and Corollary [2j In the 
appendix of this paper, for the readers convenience, we give a brief sketch of 
the proof of the modified concentration compactness lemma which we will use 
for the proof of Theorem [5J 

We define some notations which we use in the following. We denote the 
Fourier series of u(t,x) in the spatial variable as 

u{t,x) = e™^?i(i,m). 

We define the Sobolev spaces iJ'^(T^) for fc G M as 

H'^iT^) := {u G V'{r^) I \\u\\Hk < 00}, 
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where (x) := (1 + We write ^ < i? to denote the estimate A < CB 

with a constant C > 0, which may depend on some parameters in a harmless 
way, and write A ^ B if A < B < A. We use the notations Ukc when we 
need to emphasize the dependence of constants on some parameters. 



2 Formulation 



First of all, we recall the result by Burq, Gerard, and Tzvetkov [5], which 
constructed blow-up solutions to (jNLS|) on T^. (jNLSp on has a family of 
explicit blow-up solutions {i?A}A>o which blow up at t = T, where 



Rxit,x) 



1 



A(r - 1) 



A^(T-t) MT-t) 



Q 



and Q is given in Let ip G C^^{M^^) be such that < -0 < l, supp-0 C 
< 2} and = 1 for |x| < 1, then the function il;R\{t), which is restricted 
on a ball B{0, 2) C [— tt, tt]^, can be regarded as a function on T^. Consider the 
function 

u{t, x) ~ 'ilj{x)Rx{t, x) + v{t, x) 

with V : [0, T] X T2 C. Then, u is a blow-up solution to ((NLSl) on if v 
solves the equation 



{tdt + A)v ^ Q2,M - ^HRiv + \Rx\^v) 

+ (1 - V')0|i?A|'i?A - 2VV'VEa - AV'-Ra, 
v{t) -^0 as t T, 



(3) 



where quadratic and cubic terms with respect to v have been written as Q2.3{v)- 
Applying the fixed point argument to the associated integral equation, one 
can solve ([3]), for example, in if^(T^). First, notice that the external force in 
^ decays exponentially as t — !> T, namely 



(1 - ij^)ij\Rx{t)\''Rx{t) - 2V^VRx{t) - Ai^Rxit) 



< g A(T-t) 



for some S > 0. Thus, we can expect that the solution v also decays exponen- 
tially as t -> T. 

This decay of exponential order is essential for the treatment of the linear 
terms 'ip'^{R\v A- \Rx\'^v) in the fixed point argument. To see this, wc assume 
||w(t)||^2 ~ e~ ^(T-*) for some /i > and consider the estimate for the norm 
of the Duhamel integral term, then 



i^Rxfv {s)ds 



< 



0i?A(s) 

1 



\Hs)h2 ds 
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From the above estimate, the hnear terms seem to be harmless (at least in L^) 
whenever /iA is sufficiently large. In fact, under the assumption that A is suffi- 
ciently large, Burq, Gerard, and Tzvetkov obtained an exponentially decaying 
solution by performing the fixed point argument in the space C([0, T); iJ^) with 
an appropriate weight in t which grows exponentially as t ^ T. Note that any 
polynomial decay in T — t of solution will not be sufficient for us to close the 
fixed point argument. 

Let us return to the Zakharov system ([Zj and take the same approach as 
([NLS]) . Let {P\,Nx) : ^ be a radially symmetric solution of 



r - APx + Px = NxPx, 

\ X^ir^drrNx + QrdrNx + (SNx) - ATVa = A|PaP, 
where r = Then it is easy to check that (u,n) defined as 



(4) 



1 



1 



X{T-t)J \\{T-t) 

is a solution of ([Zj in which blows up as t — >■ T. It was shown by Glangetas 
and Merle [T3] that for A > sufficiently small the equation ^ actually has a 
solution with the following properties. 

Proposition 1 (|13j). There exists a family of radially symmetric solutions 
{(PA,iVA)}o<A«i to gl) such that (Px^Nx) ^ (Q, -Q^) in H\R^) x L^(R^) as 
A -J> 0. Further, {Px,Nx) ^ x for allkeNU {0} and 

\Pi''\x)\ <k e-'l"l, \Ni''\x)\ <k {xy^'+''^ 

for some S > 0. 

These blow-up solutions are similar to the solutions Rx of (|NLSp . but dif- 
ferent from them in the following two points: 

— A large A is not allowed. 

— The solutions for the wave part decay only polynomially in t. 

From time reversal symmetry, it suffices to consider solutions which blow up 
backward in time at < = 0. For small A > 0, let 



(xty 

be the blow-up solution of ([Zj in R^ constructed in [T3] . With the cut function 
tp defined above, set 

Uxit,x) := iJ;ix)Uxit,x), 

Wx{t,x) := 'ilj{x)Wx{t,x), 6 R X [-7r,7r]2 - M X 
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We construct a blow-up solution of the form {U\+u, W\ + w), where {u, w) 
does not blow up in the energy space as t — s- 0. Assuming that {Ux + u, W\ + w) 
solves ([Z]), we obtain 

J {idt + A)u ^uw+ {Wxu + Uxw) + (^(V' - l)i}tJxWx - 2VV'VC7a - Ai/;C7a) , 
\ {dtt - A)w - A|w|2 + A{Uxu + Uxu) + Fa, 

(5) 

where 

Fa := AdC/Ap) - Md^^Ap) + 2Vi^VW^a + AV'W^a 

- (V^ - l)7/.A(|i^An + 2V{i?)\/{\iJx\^) + A(V'2)|^^|2 ^ 2V7/.VT^A + Ai^Wx- 

Here, the first difficulty arises due to the fact that the external force term 
Fxit) only decays polynomially. We can thus expect only polynomial decay for 
w, then the same for Uxw in the Schrodinger part, then the same for u, which 
would not be enough to remove the singularity in the term Wxu. 

The idea to overcome this difficulty is to decompose w into polynomially 
decaying part and exponentially decaying part. Note that the slowly-decaying 
external force FA(t) is restricted outside a ball -8(0,1). The finite speed of 
propagation then suggests that the slowly-decaying part of 'w{t) also vanishes 
around the origin for a short time. Since Ux has an exponential decay outside 
a neighborhood of the origin, we can still expect the exponential decay for the 
product UxW- 

To make this argument rigorous, let Zx,a{i, x) be the solution of the following 
inhomogeneous linear wave equation for a e M: 

Udtt~A)Zx.a^Fx, 

|ZA,a(0,x) = 0, 9tZA,a(0,a;) =a^(2;)(l-^(a;)). 

Note that Zx.a is explicitly written as 

^ , , sin(i|V|)r ^ /■* sin((i - s)|Vn , 

^A,a(t,x) = _j^[a^(l_^)](a:)-y^ ^^—lLJLFx{s,x)ds 

=: ^a(t,x)+ Zx(t,x). 

A direct calculation using Proposition [1] shows that Zx,a e Ci([0, cx)); i7''(T2)) 
for any fc > and 

sup \\Zx.a{t)\\Hkn2) + l|5t^A,a(i)lliffem-| ) ^k.T,\.a 1 (7) 

0<t<T ^ ^ ' ^ ' ' 

for r > 0. Moreover, both the external force term and the initial data in 
([6]) vanish in a ball i?(0, 1), which together with the finite speed of propagation 
yields that Zx,a{t-, a;) = on a bah B(0, f /2) for < i < 1/2. Actually any initial 
data that vanish around the origin may be sufficient for the fixed point argument, 
but we have selected the above ones for another reason to be mentioned below. 

We shall construct a blow up solution of the form ([/a + u, Wx + Zx,a + z), 
where (u, z) converges to as i —s- 0, solving 

{idt + A)u ^uz + {Wx + Zx,a)u + Uxz 

+ [UxZx^a + {i' - l)^UxWx - 2VV'VC/a - A^Ux) , (8) 

{dtt - A)z - A\u\^ + A{Uxu + Uxu). 
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We notice that the external force in the Schrodinger part decays exponentiahy 
as t — > 0. 

It is easy to see that a solution (u, z) to the above problem satisfies 
/ zt{t, x) dx = czt{t, 0) = 

for all t. Thus, |V|~-^2;t can be defined by J2m^{o o) e*™'^|m|^-^Zi(i, m). Set 

r = z + i|V|~^zt. 

Then, if {u,z) solves ([5|), {u,r) satisfies 

' {idt + A)u = M Rc r + (VFa + Zx,a)u + UxRer 

+ [UxZx.a + (V- - iH'tJxWx " 2VV'V(7a - A^pUx) , (9) 
, (idt - |V|)r = |V| {\u\^ + tJxu + Uxu) . 

Since z is real valued, we can recover the solution of ([5]) from that of ^ by 
z := Rer. In this case zt = |V|(Imr) holds, and (z,zt) e C{{0,T]; L^{T'^;'R) x 
7J-1(T2;M)) if and only if r G C{{0,T]; L^{T^]C)). 

We will construct a local solution to this problem ^ that decays exponen- 
tially in i?i(T2) X LOCI'S) as t ^ 0. 

Theorem 3. For any a e R and sujficiently small A > 0, there exists T — 
T{X,a) > such that the equation © has a solution {u,r) g C((0, T], iJ^(T^) x 
L^(T^)) which decays exponentially as t — > 0. 

Here, a solution of © means a distributional solution of the associated 
integral equation of ©• 

Now, we admit Theorem |2] for a moment and show Theorem [T] 

Proof of Theorem [IJ Recall that we have replaced the forward blowup at t = T 
with the backward blowup at i = 0. For given M > | |Q| ||2(][j2) , we choose A > 
so that ||Pa||^2(-k2) < M, which is possible from Proposition [T] Next, in the 

following way, we choose a € M so that {Wx + Zxm)^ G H^^- We first notice 
that 

*,,t(t,0) = a[^(l-V)r(0) 

and [■0(1 — ip)Y{0) = c J — ip) dx > 0. We also see from the equation 
that [{Wx + Zx)ty{t, 0) is conserved. Then, we choose a S M so that [{Wx + 
Zx)tT{t, 0)+a[ip{l — ip)y{0) = 0. With this choice of A and a, we set our blow-up 
solution of dZj as = {Ux+v,Wx + Zx^a + ^^r), where (w,r) is the solution 

of (O (with u replaced by v) obtained in Theorem [31 Note that this solution 
belongs to the energy space. 

It is easily verified by the conservation law for ([Zj and the monotone 
convergence theorem that 

/ \u{t,x)\^dx = \im I \^{x)Ux{t,x)\^dx= ( \Px{x)\'^ dx < M. (10) 

JE2 Jr2 

Hence, we have proved (i). 
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To prove (ii) we claim the following stronger estimates: for < i <C 1, 

\\\/u{t)\\L2^J2) ^ t-\ (11) 

||n(t)||i2(T2) (12) 
\\ntmH-,^j.^-t-\ (13) 

For (fTTj) and ([T^ it is sufficient to consider the main parts U\ (t) and W\ {t) , 
respectively. Similarly to (fTO)) . we have 



lim(At)2 / |H^A(i,a;)|^dx 



T2 



\Nxix)\'^dx > 0, 



which implies (jl2p . Also, we have 

|Vt/A(t,a:)|2 



V'(a:) 



(Ai)= 



(^-t^)(VPa)(tt) + ^T7^e-'^^"^'^A(TT) + 



Since 



and 



\im(XtY 



J2 



^(VPa)(-) 



dx^ [ \\IPx{x)\^dx 



T2 



'ip{x)x X_. 
2Xt^ ^^Xf 



dx < i-f 



xtxt ^^xt' 



'dx^i^rwxp.wi^, 



\iV,p)ix)Uxit,x)\^dx<\\V^P\\l^\\Uxmh = l|V^||ioo||PA||i2, 
we conclude that 



lim(Ai)2 / \VUxit,x)\'^ dx 



f2 



f \VPx{x)\^dx>0, 



which implies (jlip . 

For (fT5|) . it suffices to consider {Wx + Zx,a)t{t) instead of nt{t). We see that 



/T^r N / X 2'lh(x) , X . '4^ix)x ,„ . , X . > , ^„ 

{Wx)t(t,x) ^ -^-1Nx{-) - = -^WV 



(VV)(a-) 



At2 At ^^At^ 



V 



At2 At ^^At^ 



Note that the second term is \n H ^ , then 



mx + zx,a)tmH^. 



V 

+ 



^A^^^^A^). 

1 x 



At2 Xt^^^'Xt' 



\{Zx,a)tm 



Since V'0(a;) = for |a;| < 1, we have 



T2 



(VV)(a;) 



dx 



Xt\\\x\-Nx\\l2 ^ (t^O). 
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Recalling the definition of the H ^ norm (Remark [T]) , we also have 



lim t 



lim 



where the first equality follows from the fact that ^^x^jt^^(ji') ^ ^ ^"^^ 
t > 0, which is verified by observing that jj^Nx{j^) —'■ /(|a;|) is spherically 

symmetric and x/(|x|) ~ V(/p^' rf{r) dr + C). This concludes (fT5)) . 

(iii) follows from a similar argument to the proof of (fTT|) and (|T2l) . For 
instance, 



T2\S(0,i 



dx < 



J2 



^(x)(l 



-^{2x/r)) \x\, . , a^. 



dx. 



which goes to as f — ?> by the dominated convergence theorem, giving the 
claim for Vu. We make a similar argument for n and obtain (iii). □ 



All we have to do is to solve ©• However, compared to the case of (jNLSp . 
there are two major difficulties left: (i) the loss of one derivative in the equation, 
and (ii) how to control the linear term W\u ('^ {Xt)~'^u) without assuming A to 
be large. 

When we construct solutions in the space H'^ x H^^^ , the loss of one deriva- 
tive appears in the Schrodinger part and prevents us from applying the usual 
fixed point argument. We shall employ the method of parabolic regularization 
to overcome this issue. This method is also helpful in treating another issue 
(ii) , because the viscosity effect will ease the singularity of W\ and give an ex- 
tra small factor T^"*" to the corresponding term in the estimate. The details will 
be discussed in Section O 

What is the most important is then the a priori estimate for the approximate 
solutions constructed via the parabolic regularization. We meet the difficulties 
(i) and (ii) here again. 

If we use the standard energy estimate, we will have only the estimate of 
^ ||u(i)lli/fc in terms of ||w(i)||^fc and |i?'(i)ll_y'!i which forces us to assume one 
more regularity for r{t). To obtain the a priori estimate in x H''~^, we shall 
introduce a "modified energy." More precisely, we modify the standard energy 
(the H'^ X H''~^ norm of solutions) with harmless terms so that in the estimate 
of the time derivative of them the term including V'^r(t) will be canceled (see 
Section |4] for details) . This approach was recently taken by Kwon [18] and 
by Segata for the fifth order KdV equation and the fourth order nonlinear 
Schrodinger equations with a derivative in the nonlinear term, respectively. Note 
that this kind of modification on energy has a lot of ideas in common with the 
concept of "correction terms" in the context of the /-method introduced in a 
series of papers by Colliander, Keel, Staffilani, Takaoka, Tao. 

Concerning (ii), the fact W\{t,x) S R will be essential. For instance, when 
we derive the identity for ^ ||'"(i)|lL2 the term corresponding to W\u will not 
appear. Similarly, in the estimate of 4r 11 V'"'u(t)||^2j there will be the terms like 



T2 



(14) 
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for I = 1,2,. but the term corresponding to I = will vanish. On the 
other hand, note that ||V'M^A||i„ < (At)'^-; Then, if \\V''-'-u{t)\\^., has a 
decay faster than || V'^u(t) ||^2 for each Z = 1, 2, . . . , fc, we can obtain the extra 
small factor again and control (|14p by shrinking the time interval. We will 
actually construct solutions with such a property, by carefully choosing the 
weight function in the norm for fixed point argument. The precise definition of 
the norm will be given in Section [3] 

Remark 2. In tSOf . Ozawa and Tsutsumi proved the local well-posedness of the 
initial value problem for the Zakharov system on K'' (d = l,2,3j in the space 
X X . They pointed out that the loss of derivative does not occur when 
the Zakharov system is considered as the system of equations for dfU and n. This 
technique may he a solution to our difficulty (i), hut it seems difficult to settle 
another issue (ii) by this idea. That is why we employ the method of parabolic 
regularization. 

3 Parabolic Regularization 

We first look for solutions (ite,re) to a regularized equation 

' {idt + A + i£l\^)u = uRer + (Vt^A + Zx,a)u + [/a Rer 

+ (c/aZa,^ + (V^ - l)ijUxWx - 2V^VUx ~ A^Ux) , (15) 

. (idt - |V| + tsA^)r = |V| + Uxu + Uxu) , 
for e > in the space 

Xt, = [{u,r) E C{{0,T,];H^{T')) X Ci{Q,T,];H\T')) : ||(u,r)||^^^ < c^} , 

\\iu,r)\\j^ = sup ■H[u,r](t), 
te(o,Ts] 

n[u,r]itf := (e^||u(0||H3(T^))'+(t-^e^lk(i)IL2(T2))' 

+ [t-h^ lk(0llij2(T2))'+ (i^^e^ lkWllL2(T2))', 

where /i > is the constant to be given in Lemma |31 
Remark 3. Note that by a simple interpolation, we have 

sup (t-^\u\\Hi +t-^\u\\H2 +t-^^\\r\\Hi) < C||(u, r)||x^^ • 

te(o,T^] ^ ^ 

We prepare several lemmas. 

Lemma 1. Let Ve{t)uo he the solution of 

{idt + A + ieA'^)u = 0, it(0) = uq. 

Then, we have 

pt I f* I 

II / Veit — s)u{s) ds\\jjk < s~~ / {t — s)~T\\u\\ffk-i. 
Jo Jo 
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Proof. From the definition of , we liave 

Jo Jo 



10 

Therefore, we have 
ft 



Ve(t — s)u{s) ds\\[jk 

< /* sup (m)'e-^l*l'(*-^) ( V (to)'^'^-') \um{s)A ds 

Jo A6Z^ V^g^, J 

< / (t-s)-3||u||^._,, 
Jo 

where we have used 

sup (m)'e--'l"l'(*-'*) <e-3(f_s)-i. □ 

We estimate the norms of V*''C/a and V'^Wx. 
Lemma 2. Lei /c > 0, A sufficiently small and p G [l,oo]. Then we have 

IIV^J/aIIlp < (At)-^-i+i, 
IIV^I^aIIlp < (At)-^-2+i. 

Proof. By direct calculation using the definition of U\, W\ and Proposition [TJ 
we have the conclusion. □ 

We next estimate the inhomogencous term of the Schrodinger part of (|15p . 

Lemma 3. For any k > 0, there exist C = C{k) > and fi > independent of 
< X,t < 1 such that 



Ux{t)Zx.a{t) + (V^ - l)i'Ux{t)Wx{t) ~ 2VV'VC/aW - M'Ux{t) 



Proof. Since all the functions are supported away from 0, the above estimate 
follows easily from the properties of U\, W\, and ([T]). □ 

Now, we construct a solution of dTSl). 



Proposition 2. Let < e < 1, and let X > sufficiently small so that jZ]) 
on may have a blow-up solution {Ux,W\) defined above. Then, there exists 
a unique solution {u,r) of ([T5|) in Xt^, where T^ £2. Further, we have 
n[u,r\{t) -^0 ast^O. 
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Proof. Set 



Qs,a 
Qs,i 

QS,2 

Qw,i 

Qw,2 



= {Wx + Zx,a)u + UxRer 
=^ u Re r 

= \V\{Uxu + Uxu) 



and 



Is At) 

Iw,j (t) 



V,it-s)QsAs)ds, J =0,1, 2, 



Ue{t^s)Qw,3is)ds, 3 = 1,2. 



Set 



(2 2 
^Isj^^Iw.i 
j=0 1=1 

It suffices to show that is a contraction mapping in Xt^ . 
Estimate for /go- 



\Is,o\\h^ < / WQs.oWh^ ds < / e ^"'^ ds 
Jo ^0 



Therefore, 



sup e^Ati ''||/s,o||_fi-3 < ATg ^at, 
te(o,Te] 



Estimate for /g i. 

II /o* - rfslU. < e-i J^{t ~ s)-i\\Wxu\\H~i ds 

<e-i J^{t-.s)-i\\Wxu\\Li+ ds 
<e-i J^{t-s)-i\\Wx\\L2^\\u\\L2ds 
< e^iX^^^ J*{t — s)~3s^^e^2^ ds\\{u,r)\\xT,^ 
S£~^X-^- ••• ds + ds^ ||(w,r)||x^^, 

where we have used Lenima[T]for the first inequality and Lcnima[2]for the fourth 
inequahty. Now, by 



(i - s) 4s e 2A3 < t 2 / e 2As 



< ^2 e 2^'. 
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and 

/ {t ~ syh^^e^^ ds < r^^er^ [ {t-sy^^ds 
Jt-f^ Jt-t^ 

we have 

\\\\,{t-s)Wx{.s)u{s)ds\\v^ < e-iX-'-e-^Hi-\\{u,r)\\x^^. 
Jo 

Therefore, 

/•* 1 

sup VeAt-s)Wx{s)u{s)ds\\L2<e--^X-^-Tr\\{u,r)\\x^^. 
te(o,Te] Jo 

Next, we estimate 

II / VS-s)Wx{s)u{s)ds\\H:^<e-"^ [ {t-s)-"^\\Wx{s)u{s)\\mds 
Jo Jo 

< e-^ f {t-s)-^ {\\VW\\l2\\u\\hi+ + \\Wx\\l2\\u\\h2+) ds 







< 



e 



■5 J (t-s) ^ ((As) ^si e 5^+(A.s) ^s^ e ds\\{u,r)\\xT^ 

< £~iX~^t^~e^^\\{u,r)\\xT^. 
Therefore, 

sup e5fe|| / V,it^s)Wxis)u{s)ds\\H^ <e-i\-^Tr\\{u,r)\\x^^. 
te(o,T,] Jo 

We estimate the second term of Is,i- 



Ve{t- s)Zx.a{s)u{s)ds\\L2 < / ||ZA,a(s)||^f3||u||2,2 ds 

Jo 

< Xfe~^\\iu,r)\\x^^. 

Therefore, 

sup t-^e^^W [ VeAi- s)ZxAs)u{s)ds\\L2 <\T^\\{u,r)\\x^^. 
te(o,T,] Jo 

11/ Ve^ait- s)Zx,a{s)u{s)ds\\H3 < / \\Zx,a{s)\\HAW\\H^ 

Jo JO 

< Xt^e-^A\{u,r)\\xT.^ 

Therefore, 

sup e^W [ Ve,ait- s)Zx,ais)u{s)ds\\H3 <XT^\\{u,r)\\xT^ 
te(o,T,] JO 
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We estimate the third term of Is. 



\\ I V,it-s)Ux{s)Rcr{s)ds\\L2 < f {Xsyh"^ ds\\{u,r)\\x. 



'0 JO 

< t^e-^\\{u,r)\\xr. 

Therefore, 



ft 



sup t'^e^W V,,o.it-s)Uxis)Rer{s)ds\\L2 <T,^\\{u,r)\\x^^. 
te{o,n] Jo 

II / V,it - s)Ux{s)Rcr{s)ds\\HS < e-i f [t - s)-^\UxRcr\\H2 ds 
Jo Jo 

<e-i f (||V2c/A||L-||Rer||i2 + ||C/A||L.c||Rer||ff2) ds 

Jo 



< 



< 

Therefore 



sup e^fejl / V,{t-s)Ux{s)Rer{s)ds\\H^ <e-ix-^T!\\{u,r)\\x^^. 
te(o,Te] Jo 

Collecting the above estimates, we have 

sup e5fe (||/s,i||h3 +t-'^||/s,i||LO 
te(o,T,] 

Estimate for Is.2- 

I / Ve{t - s)u{s)Rer{s) dsWns < / (t - s)~^ ||u||/f2 ||r||^f2 ds 

Jo Jo 



e / (t — s) *s e ^=ds||(u, r)|| 





< £-3tie-^||(u,r)||^^ 



Therefore, 



sup t-^e^\\ Ve,iit-s)uis)Reris)ds\\m <e-iTe~^e-^\\iu,r)fx^ 

t€{0,T^] Jo " 

Estimate for Iw,i- 

||V,i||l2 < / \\Uxu\\Hids 
Jo 

||V;7a||l~||w||l2 + ||C/a||loc||m||^i ds 
< I (A-^s^ + A-^st) ds\\iu,r)\\x^^ 



< 



< X H'^ e 2At||(u,r)||xT 
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Therefore, 



Next, 



sup e^t--\\Iw,i\\L- < X-^Ti\\{u,r)\\x^^ 
*e(o,T,] 



Jo 

< [ \\y''Ux\\L'^\\u\\L2 + \\Ux\\L^\\u\\H3d.S 

Jo 

< J e-^ ((As)-4/ + (As)-i) ds\\iu,r)\\x^^ 

< X-he-^\\{u,r)\\x^^ 

Therefore, 

sup e^t-i||V,i||jf2 < A-3Ti||(M,r)||x.,. 
te(o,T^] 



Estimate for Iw,2- 



\Iw,2\\h^ ^ / \\u\\h^\\u\\h3 ds 
Jo 



< 



s^e ds\\{u, r)\\j 



< At^e-*||(M,r)||2,^^. 

Therefore, we have 

sup e^t-^\\Iw,2\\H^ ^ Ae"5^||(u,r)||^^ . 
te(o,T,] 

So far, we have shown that 

\\^eiu,r)\\x^^ <x.^.eiT,^\\{u,r)\\x^^ + {1 + eiT,^)e-^\\{u,r)\\j,^^ + . 

In the same manner, wc have 

|$e(wi,ri) - $e(M2,r-2)||xT, 
1 1 

<A,p e'2Ti\\{ui,ri) - {u2,r2)\\xT^ 

+ (l+e3r/)e-3fe {\\{ui,ri)\\x^^ + ||(u2, r2)|U^J \\{ui,n) - {u2,r2)\\xT, 

Now, we choose ^x.fj. £^ so small that 



1 



||$e(ui,ri) - <^e{u2,r2)\\xT,_ < ^\\{ui,ri) - {u2,r2)\\xT, 

+Coe^^ (||(ui,ri)||A'T.^ + \ \{u2,r2)\\xTj \ \{ui,ri) - {u2,r2)\\xj 
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and also on another ball 



for some Cq = Co{X, fi) > 0. We may also assume (4Coe~^»'^)^ < i. Then, 
these estimates are sufScient for us to conclude that $£ is a contraction mapping 
on a closed ball 

{iu,r)eXT^ \ \\iu,r)\\x^^ < {SCor'e^} , (16) 
;r ball 

[iu,r)€XT^ \ ||(u,r)||x,, <4Coe-^}, (17) 

from which the existence of a solution follows. 

For the uniqueness in Xt^, let us assume that {u',r') G Xt^ is another 
solution to (|TS|) . Then, the uniqueness of solution in a ball (|T5)) (with replaced 
by a smaller to) shows that these two solutions coincide with each other on a 
sufficiently small time interval [0,io]- The coincidence on the whole interval 
[0, Tg] then follows from the uniqueness of solution for the initial value problem 
(see Remark [¥] below) and a standard continuity argument. 

Finally, since the unique solution must coincide with a solution constructed 
in a small ball (flT)) (with replaced by a smaller ti) , we have 

\\{u,r)\\x,^ = sup n[u,r]{t)^0 as ii ^ 0, 
te(o,ti] 

which implies that H[u,r]{t) — > as i ^ 0. 

This completes the proof of Proposition [21 □ 

Remark 4. It is much easier to solve the initial value problem 
' [idt + A + ie^)u = it Re r + {Wx + Zx,a)u + C/a Re r 

+ {VxZx.a + (V^ - 1)V^C/aW'a - 2VV'V?7a - AV-^/a) , 
(^5t-|V|+^eA2)r= |V|(|Mp + f7;,u + [/^u), {t,x) G [t^M + T] x T^, 
(u(to,x),r(to,x)) e H^{T^) X i/2(T2), 

starting from t = to > 0. By a standard argument, we obtain a unique solution 
{u,r) G C{[to,to +T];H^{T'^) x H'^iT"^)) with T >0 depending on 

\\uito, ■)\\h3, \\r{to, ■)\\h^, sup \ \U\,W\, Za, a, external force terms] 1^/3. 

t>to 

4 Modified Energy 

In this section we are devoted to giving an a priori estimate on the Xt norm of 
solutions to (|TS|) which is uniform in e G (0, 1]. 

Recall some inequalities that will be frequently used below. 

Lemma 4 (Gagliardo-Nirenberg). Let k > ko > and fcg < ^ < fc — 1. Then, 
we have 



||</'|li.(¥.) ||V'=<^||r.(T2) + II0IIl2(t2) , ifko = l^ 0, 

I I II 7r^('^-'-^) II I. II F^('-'^r) + ?) 

1'^ '/'||l2(t2) 11^ v^IIlsct^) ' ' otherwise. 
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Proof. By an easy interpolation argument, it sufRces to show the following sim- 
ple estimate: 

1 1 

II'^IIl4(t2) < ||0|||,2(T2) ||V0||22(T2) 

for e ffi such that ^(0) = 0. 

Using the Hausdorff- Young inequality to go to the frequency space and ap- 
plying the Holder inequality, we have 

oo 

< J2 2*ll<^ll^=(z^) + E II 1^011,2(22), 

j<Jo j>Jo 

where Jq > will be chosen in a moment. If ||(/)||^2(-t2) > II^0IIl2(t2), we choose 
Jo = to obtain the claim. Otherwise, the last line is estimated by 



2^ ||</>IL2(T2)+2-^||V0|| 



L2(T2) • 



We choose Jq such that 2'^° < ||V0||^2(t2) / ||0||2:,2(t2) < 2'^"^^, then the claim 
follows. □ 

Lemma 5 (Young). Let a,b > and 1 < p,q < oo, p + g = 1- Then, we have 

ah < -aP + -h'i. 
P Q 

Let us fix e > and a solution {u,r) G Xt to (|T5|) arbitrarily. Write ■H(t) 
to denote 'H[u,r]{t) for simplicity. In the following, constants may depend on 
A, a, /i, but not on e and t. The desired a priori estimate will be given in 
Corollary [3] at the end of this section. 

We begin with a standard energy estimate. 



Proposition 3. There exists Tq > independent of e such that we have 

j^mf + ^H{tf + 2ee^^ \\u{t)\\%, +2et~ie^^ \Ht)\\% 
< 2e-^lm J {u + Ux)VA{Rcr)\/Au + Ct'^nitf + C{H{t) + H{t)^) 

for any t G (0,min{To, T}). 

Remark 5. (i) The first term in the right hand side is unfavorable, because 
it contains the third derivative of r and thus cannot be controlled by H(t). In 
order to cancel this term, we will introduce a modified energy later. 

(ii) We do not neglect beneficial e terms in the left hand side, which will 
he exploited later. Also, the term t~^'H{t)^ will he used to absorb the diverging 
quadratic term in the right hand side. 

Proof. Recall the definition of H(t). 
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Estimate for t ^e-" [|u(t)||^2- Using the equation, we have 

= 2t-^eXF Re J (-eA^u - i{-Au + uRcr+ {Wx + Zx,a)u + UxRcr + Qs^o)) 
= -2et^^e'^ \\u{t)ffj2 +2t^^e^lm J {Ux(Rer)u + Qs,ou) . 
We discard the first term and estimate the integral by 

t^'e^{\\Uxh^\\r\\^..\\u\\^.. + \\Qs,o\\L^ 

< t-ln{tf + n{t) 

for sufficiently small t. Consequently, we obtain 
d 



dt 



(t-^e^ \Ht)\\^ + \\u{t)\\l.. < C (triH{tf + H{t)) . (18) 



Estimate for \Ht)\\jj^. We have 

^ / JL II / \||2 \ -iL 



= 2e^Re ^ \7A{-eA^u 

-i {^Au +{u + Ux) Rcr + {Wx + ^A,a)w + Qs,o) ) VAf 

< -2ee^ ||w(i)|||5 +2e^Im J {u + Ux)VA{Rer)\/Au 

3 

+Ce^ ^ (||V'uV3~V||^2 + \\^^UxV^~^r\\^^) || V^wjj^^ 
1=1 



3 



+Ce^ J2 W^'iWx + ZA,a)V3-'u||^, II V^^l 



+Ce- ||V-^Qs,o|L. F -iiL^ 

Note that the integral of (Wx + Zx.a)^AuVAu vanishes. We keep the first line 
and estimate the others. For the second line, 

3 

J2 ||V'«V3-V||^, < ||V3«||^, ||r||^^ + ||V2^.||^, ||Vr||^. + ||V^.|1^„ ||v2r||^, 
1=1 

^ ||V'ii|L. + llV^ullf, llV^ullf, ||vV||f, ||VV||J, + 11^11^2+ llV^rll^, 

< (t^- +thh^ +ti-t^^ e-^nitf ~ ^2"e"^7^(^)^ 

3 3 3 

^||V'C/.V^-'r||^, <^||V't/.||^^ \\rU,-, <J2t-'-hP-h-^^'Hit) 



1=1 1=1 
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For the third hne, we have 

3 3 

II V'(M^A + ZA,a)V3-'u||^, < l|V'(M^A + ^A,a)Loe 11^11^3-, 

1=1 1=1 
3 

1=1 

Finally, 

llv^Qs.oll^, ||V'"|Il2 ^ e-^n{t). 

Consequently, we obtain the following bound for small t: 

I (e^ Mmh) + \\\/Mt)\\l.+^ee^ Mt)\\ 

<2e^Im J{u + Ux)\7A{Rcr)\/Au + C (n{tf + t-^Hit)^ + H{t) 



2 



Estimate for t 3 e^* ||^(^)||^2• 
d / 20 A» 11 , ,,.2 \ / 20 M \ 20 A» 11 , 

^(^--e-H0lli2) + (- + 3^j™|Kt)ll^ 
= 2r^e^ Re y" (-eAV - {r + |up + Uxu + Uxu)) f 
= -2et-^e^ \\r{t)\\%2 + 2r^e7^ Im J + Uxu + Uxu) |V|f 



For the estimate of the integral, we use the following: 



|2 



+ Uxu + C/au|L, < ||«||^,+ ii^ii^, + WUxWl^ hlL2 



Discarding the e term, we have 

for small t. 

Estimate for t^^eit ||?'(t)||^2- 



= 2t~*e^ / ^ (-eAV - i|V| (r + |up + Uxu + Uxu)) Af 

= -2rf-3e^ ||r(t)|||i +2t-^e^Im ^ A| V| + f/^?^ + C/au) A 



Noticing that 



|A|V| {\u\^ + Uxu + Uxu)\\^, < IN^!1h3 +5]||v'[/a||^^ I|v'"'"IL2 
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we obtain 

- (t-3eAT ||r(t)||^. j + -^t-^e-^ Hml. + 2er ae- ||r(t)|||, ^^^^ 
for small t. 

We conclude the proof by collecting ([T5|) - (PT|) . □ 



We introduce some additional terms into the energy so that the worst term 
will be cancelled out. Define the modified energy E{t) = E[u, r]{t) by 

E{t) ■-n{t)^ + 2e^Re [ {u + Ux)AuARer + IkWIll?! ■ 

In the energy estimate, the second term of Bit) will produce an unfavorable 
term, which is exactly the same as that coming from 'H{t)'^ , except for the sign. 
Therefore, we can eliminate the term including V"^r(t) and close the energy 
estimate. The last term in E{t) ensures the positivity of the modified energy, 
as we will see in the next lemma. 

Lemma 6. we have 

E{t)^n[tf + e^^\\u{t)C. 
for any sufficiently small t > Q. 
Proof. By the Holder inequality, 

2e^Re j {u + Ux)AuARcr 
< Ce^ {\\u\\^, \\Au\\^, \\Ar\\^._ + \\Au\\^, || Ar||^.) . 
Using the Gagliardo-Nirenberg and the Young inequalities, we have 
Ce^ \\u\\^, \\Au\\^,\\Ar\\^, 

< Ce^ [\\u\\li' llVull^/^ + ||^.||^.) ||V^||^/^ \\^'4f H^^Hl^ 

< Ce^\\u\f^t\\vm%'\\Ar\\^. 

< ^e- {\\uf^ty + ie- (II V^.liy % Cti. t-h^ \\Ar\\% 

< le^\\u\\'^^ + \mr 

if t > is sufficiently small. Also, 
Ct~^e^ \\Au\\^, ||Ar||^. < Ct ■ rh^ \\Au\\^._ ■ rh^^ ||Ar||^. < ^Hitf 

if t > is sufficiently small, which implies the claim. □ 
Now, we state the key estimate. 
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Proposition 4. There exists To > independent of e such that we have 

j^E{t) + ee> + rf-te^ ||r(t)||^, < C(l + E{t)f 

/or i e (0, min{To, T}). 

Proof. Wc start the proof with the estimate for 

I (e- + ^ei^ = ii-wiiL. I {\\um] 

(V) (-eA^w - z (-Am +{u + Ux) Rc r + (I^a + Zx,a)u + Qs,o)) (V) i2 
< Ce^ lluWIIffi IK" + Ux) Rcr + (VFa + ^a,.,)" + QsaWl- Mm ■ 
In the last incquahty wc have discarded the e term. Since we have 

II {u + Ux) Rc r + {Wx + Zx^a)u + QsAl- 

< {\Hhi^ + t-') \\rh. + t-' \\u\\^, + IIQs.olL. 

< t^-e-^n{tf +t^e-'^n{t) + e~^, 

the last line is estimated by C ^1 + ||it(<)||^i^ (^(0"^ + ^(0)- particular, 

I (e^ Mt)\\]^.) <c[l + e^ Mt)\\m) imf + m) ■ (22) 
Next, we estimate 



^ ^2e^ Re j {u + Ux)AuARer^ 

= ^e^Rc J{u + Ux)AuARer (23) 

+ 2e^ Re J dtuAuARer (24) 

+ 2e-^Rc J dtUxAuARer (25) 

+ 2e^ReJ{u + Ux)AdtuARer (26) 

+ 2e^ Re + C/a) AwA^t Re r. (27) 

Estimate for (|23p and ([^5]) is easy. Note that a direct calculation implies 

\\dfUx{t)\\^^ < tr\ We have 



\ + m\ < II^ILo. IIA^II^, ||Ar||^. < H{tf+t-'n{t)\ (28) 

Estimate for (|24p . From the equation, becomes 

2e^ Re J [-eA^w-z (- Au +{u + Ux) Rer + {Wx + Zx,a)u + Qs,o) 



AuA Re 1 
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Only the first term is a bit tricky, since it contains V^u. Using the Gaghardo- 
Nirenberg inequality followed by the Young, we evaluate it as 



A^uAuARej 



<2ee-\\A^u\\ WMl^ 



< Cee^ IIV^ull^ IIV^Mlli', IIV^uIlL IIArl 



lL2 



L2 



<|e^ \\um% + cn{t)'^. 



IL2 



2„,l| 5 

Il2 



\Ar 



The next term with Am vanishes. The other parts are treated as usual. 



2e-- 



{u + U\)Rcr + {W\ + Z\ 



< e- \\{u + Ux)Rcr + {Wx + Zx^a)u + Qs,o\\l^ 

< n{tf + H{tf + H{tf. 



Alt A Re 7 



|A"IIl^ IIAHIl^ 



Collecting them, we have 



l(IMl)|<|e^ \\u{t)rH^ + c{n{tf + n{tf 



(29) 



The e term will be absorbed into the similar one appearing in the energy estimate 
for n{tf (Proposition O. 

Estimate for (|26p . This is equal to 



2e^ Re j (it + [/a)A 
+ 2e^Re / (m + [/a)A 



-eA^t 



ARer 
ARer 



+ 2e^Rc j {u + Ux)A\i{{u + Ux)Rcr+(Wx + Zx^a)u + Qs,o) 
=: (I2li) + (l26b) + (l2l;). 



ARer 



(PSk ) contains the highest derivative. For this, we first reduce derivatives on 
u by an integration by parts, and then make an argument similar to the case 



< 2ee^ 



J {u + Ux)A^uARer 

J \7{u + Ux)VA^uARei 



2£e^t 



j {u + Ux)VA^uVARer 



< 2ee^ II VA^mII^, {\\V{u + Ux)h^ ||Ar||^. + \\u + Uxh^ ||VAr||^.) 

< \\u{t)\\lr,+Cse^ (||V(M + [/A)||i^ || Ar||^, + ||m + C/,||2 ^ ||VAr||2^,) . 

Again, the first term will be absorbed. However, the remaining parts arc still 
beyond the control of H{t). For these terms, we have to exploit another gain of 
2et~3e^ \\r{t)\\^4 in the energy estimate for 'H(i)^. That's exactly why in the 
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previous section we have also added the same amount of viscosity to the wave 
equation as to the Schrodinger part, in spite of no loss of derivative in the wave 
part. We estimate them as follows: 

Cee^ \\Viu + U,)\\l^ \\Ar\\l. 



< Cee— {\\u\\^2+ +t 



I VV||^, |[r||^. 



< '-t-h^ \\r{t)\\l, + Ceth^ {\\u\\„., + t-'Y Ml, 

< '-t-h^\\rit)\\l,+C{Hitf + H{tr), 



Cee^ \\u + Ux\\U II^Ar 



II V^rll 
L2 II ^ ' IIl2 



< Cee^ {\\u\\^,^+t-'y\\y^r\ 

< V^e^ ||r(t)||^, + Ceth^^ (||u||^,+ + t-')' \\V'r\\l, 



< 



t-^e- \\r{t)\\%, + c (nit)" + rr^n{t) 



Consequently, we have 

»)| < \\u{t)\\%, + '-t-le^ + C (n{tf + i't^W^ 

By an integration by parts, (j26b ) is equal to 

-2e^Im y V(u + C/A)VAuARer-2e^Im J {u + Ux)VAu\/ARer. 

The first term is easily estimated, while the second one is unfavorable because 
of V'^r and no e. In fact, it is this term that cancels with the similar term 
occurring in the energy estimate for H{t)^. We have 



(EBb) <2e^ ||V(w + t/A)||ioo ||u||^3 ||rH^2 - 2e^ Im J {u + Ux)VAuVARcr 
< C (n{tf +t-in{t)^^ - 2e^Im J {u + Ux)\/Au ■ VARer. 



KESt)! < 2e- 



(u + Ux)A 
uA 



ARcr 



For the third one, we see that 

uRcr + Qs,o 

UxRer+{Wx + Zx,a)u 

UxRer + {Wx + Zx^a)u 



2e^ 



UxA 



ARer 
ARer 



< \\u + Uxh^ {\\u\\^. ||r||^. + WQs.oWh^) 

+ \\u\\^^ {\\Ux\\h2 \\r\\H2 + \\Wx + ZxAh^ Mm) 
+ \\Ux\\^^ ||Ar||^. 



Y.{P'Ux\ 



llv^~VII 4 

L°° Ik ' IIl2 4 

< nitf + n{tf + t-^n{tf + n{t). 



\V\Wx + Zx,a) 



\V^-'u\ 
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Finally, we have 



i\ / \ii2 £ /^ii / \ \\9 

< -^e- Wuml'^ + f-^e- \\r{t)\\l, 

- 2e^ lmj{u + Ux)S7Au • VA Re r (30) 

+ c {u{tf + t-^mtf + mt)^ . 

Estimate for (|27p is similar to that for (j26p . We see that 

(1271)= 2e-^Re J{u + Ux)AuA - eA^ Rer + |V| Imi 
= - 2ee^t RcJ A [{u + Ux)Au\ A^ Re r 
-2e^Re J V[(it + [/a)A?2] V|V| Imr 

It is easy to bound (gTb) by C{n{tf + t-^/'^Uitf). On the other hand, 

(EZli)l < 2ee^ ||A[(u + C/a)Au]||^2 ||A2Rer||^2 

< |i-*e^ ||r||^, + Cet-^e^^ \\A[{u + Ux)Au] \\\, . 

For the estimate of the last term, we see that 



< 
< 



Cet-^e^^\\A{u + Ux)\\l, ||Auf 



< Cet 



1 -iL / 1 

3e^t ( I 



L2 



2,, 11 2 

1l2 



IV'wIl^a l|w| 



L2 



^e- ||u(i)||^5 +Cei3e- (^HV^uH^, || V^ujl^, + 1^* 
^e^ ||z.(0|||.+C(H(t)«+H(t)2), 



L2 



2C£t^e^ |lV(u + C/A)|lic 



IVA^,."' 



L2 



< ^e^^\Ht)\\\.+C{H{tf+H{tf). 



2 

L2 



A^w 



L2 



4 

e j± 



+ t-^) IIV^ull^, ||V\| 



L2 



< 



12 

e 

12 



lL2 
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Hence, we have 

m\ < '^t-h.^ \\rit)\\% + '-e^ + c {n{tf + t-in{tf) . (31) 

Finally, we collect (I28l)-([3T]) to obtain 
^ ^2e^ ReJ{u + Ux)AuA Re 

< ee^ \\uit)\\'%, +et-ie^ lk(i)ll^4 - 2e^ Im J {u + Ux)\7Au ■ \7ARcr 

+ c {n{tf + r^mtf + mt)^ , 



(32) 



and combine Proposition |2] with (P^ . (15^ to obtain 



3 



At the end, we take i > sufficiently small and use Lemma [5] to conclude 
the proof. □ 

Corollary 3. There exist Tq > and Cq > independent of e such that any 
solution {u, r) G Xt to (fT5| on a time interval (0, T] with < T < Tq satisfies 
\\{u,r)\\xT < Co- 

Proof. Since {u,r) £ Xt, we sec from Proposition [2] that H{t) — > and thus 
< E(t) < nitf + 'H{t)^° ^ as t ^ 0. By Proposition H we have 



dt\ {l + E{t)YJ {l + E(t)fdt 

for < t < T, where C > is the constant appearing in Proposition Inte- 
grating it on (0,i), we have 

Thus, we have 

E{t) < ^ 



(1 - 2Ct)i/2 

for < i < {2C)-^. In particular, we have H{tf < E{t) < 1 for < t < 
3/(8C). □ 

We are now in a position to prove Theorem [31 We will use the Ascoli-Arzela 
theorem (see, for instance, [16]) to obtain a solution of ^ from approximate 
solutions. 

Theorem 4 (Ascoli-Arzela). Let X be a compact Hausdorff space and Y a 
metric space. Then a subset F of C{X; Y) is compact in the topology of uniform 
convergence if and only if it is equicontinuous, pointwise relatively compact and 
closed. 
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Proof of Theorem\^ For any < £ < 1, the solution {u" ,r^) of on (0,Te] 
constructed in Proposition [5] is, by the solvabihty of the initial value problem 
(Remark U) and the a priori estimate (Corollary [3]), uniquely extended to the 
solution on (0,To] belonging to Xt^ and satisfying WiW^ ,T^)\\xTa — Then, 
for any (sufficiently small) Sq > 0, the family of functions {{u'^ ,r^)}o<e<i is 
uniformly bounded in C{[do,TQ]; x H'^). Therefore, the Rellich-Kondrachov 
compactness theorem (see [I], for instance) implies that it is pointwise relatively 
compact in C{[So,To]; x L^). 

Let So <t < s <To and < e < 1. Using the equation, we see that 

\\u^{s)~u^{t)\\^,< \\dtU^{T)\\^, dr 

< [ ( h^Mllff. + s U{t)\\^.. + \\u^{rV{r)\\H, 

+ \\{Wx + Z^,,){t)u^{t)\\„, + II [/a (T)r-(T) 11^, + ||Q5,o(r)|l^, ^ dr. 

We apply the a priori estimate for (u^,r^) in to bound the above integral 
by Cs„{s — t), except for the term e ||M'^(r)||^5 dr. To evaluate this one, we 
integrate the estimate in Proposition |3] to obtain 

ef ||u^(r)l|^5 dr < f {1 + E[u' ,r']{T)fdT + ms.x\E[u' ,r']{T)\ < 1, 
Jt Jt ^=*'^ 

where we have used E(t) < 1 which was shown in the proof of Corollary |31 
Therefore, by the Cauchy-Schwarz inequality, we have 

e[u{r)\\H^ dT<eHs^t)i (^e ||u^'(r) |||. dr^ <(.-0^ 
thus obtain 

\\u%s)-u%t)\\^,<is~t)'^. 
In the same manner, we also have 

\\r%s)-r%t)\\^.<is~t)K 

concluding that {(u'^, r^)}o<e<i is equicontinuous in C{[So,To]; x L^). 

Applying Theorem UJ we find a sequence £„ -> such that (u^" , r^" ) con- 
verges strongly in C{{So,To]; x L?). Since (5o > is arbitrary, writing the 
limit as (u, r) G C((0, Tq]; x L^), we have the a priori estimate for (it, r): 

sup (t-ie^ \\u{t)\\Hi +i~*^e^ [^(OIIl^) < 1, 

namely, (u, r)(t) decays exponentially in x as i — 0. 

It then suffices to show that the limit (u, r) constructed above satisfies the 
integral equation associated to (O on ((5o, To) x for any > in the sense of 
distribution. Let Va(t) e"'^""*'^' be as in Lemmad] Since \\Va{i)\W^H- < 
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1 for a > and s £ R, we see that 

t nt 

So J So 



L°°((0,To);ff-i) 



< 



^" \\[u'"r%"]{t')-[uRer]{t')\\^_,dt' 

So 

+ sup / \\{V,„{t-t')-Vo{t-t'))[uRcr]{t')\\j,^^dt'. 

So<t<To J So 

The first hne in the right hand side tends to as n — > oo because of the 
convergence (u^" — u, r^" — r) ^ (0, 0) in x and the estimate 

ll/ffllff-i(T2) ^ ll/llffi(T^)ll5'llL^(T2), 

which fohows from the Sobolev embedding. The second line also converges to 
0, since Va{t) : — ^ H^^ converges to Vb(<) as a —t- in the strong operator 
topology uniformly in i G (0,To). Consequently, we have 



(5o,To)xT2 J So 

t 



Ve„ [t - t')[u^^ r Jj" ]{t\x)dt' ip{t,x) dxdt 



Vb(t - t')[uRc r]{t', x) dt' (p{t, x) dxdt 

(<5o,To)xT2 JSo 

as 71 — !■ cx) for any cp G C^{{So,To) x T^). It is easier to show the convergences 
for the nonlinearity {W\ + Z\,a)u + U\ Rcr. Similarly, we see that 

14(i-^oK('^o) ^ V^it. - 5o)u{5^) in C([5o, To]; H^) 

as e 0. We can show that r satisfies the equation in the same manner. □ 

We conclude this section by explaining the idea for the multi-point blow-up 
problem. By a space translation, we may assume that all of given p points in 
arc actually in (— tt, tt)^. Following the idea of Godet [15] for the case of (jNLSp . 
we set our blow-up solution [u, n) to ([Z]) as 

p p 
u := ^ Uj + V, n := ^ Wj + w, 

Uj{t,x) := il)j{x)Ux{t,x - Xj), Wj{t,x) :— il^j{x)W\{t,x ~ x^), 

where < A 1, ^'ji^) ■= ^nd i? > is taken to be sufficiently small 

so that the p balls B{xj,2R), the support of ipj, may be mutually disjoint and 
Li^^iB{xj,2R) C (— TT, tt)^. Thanks to the support property that tpi^pj = for 
1 ^ * 7^ J ^ there is no interaction between different blow-up portions, and 
we may treat the multi-point blow-up problem just like the one-point blowup. 
In fact, if {u,n) solves ([Z]), then {v,w) will be a solution of 

r {idt + A)v = vw + (E^. Wjv + Ujw) + Fi, 
\ {dtt - A)w = A\v\^+ AE, U,v + U,v) + F2, 



28 



where 



- Ej (2Vi'jVUx{t, X -xj) + Ai',Ux{t, X - xj)) , 
F2 ■■= {MHjUxit, X - x,)\^) - ^p,A{\Ux{t,x- x,)n) 
+ J2j (2\/^jVWxit, X - xj) + AijjWxit, X - xj)) , 

in which there is no interacting term hke Ux{t,x — Xi)Wx{t, x — Xj). Since F2 
vanishes around blow-up points, the solution Z ~ Zx,a to the problem 

Z(0,a;) = 0, dtZ{^,x) = aY.^^j,{x)[\ - ^j,{x)) 

also vanishes on a neighborhood of each Xj for a small time and satisfies the 
estimate like ([7]) • Imitating the argument in section [5J we consider blow-up 
solutions of the form Uj + v, J^j + Z + Ker), with (w, r) satisfying 

(idt + A)v = V Re r + iJ2, W, + Z)v + U, Re r + UjZ + Fi , 
{idt - |V|)r = |V| + U,v + Y.J Ujv) , 
(w(i),r(t)) ^ (0,0) in iJ^xL^. 

Note that the external force term UjZ + Fi decays exponentially as i ^ 
0, which allows us to show by following the estimates in section [3] that the 
regularized version of the above problem has an exponentially-decaying solution. 
For the a priori estimate, we introduce the modified energy 

E[v,r]{t) :=H[w,r](t)2 -t-2e^Re / [v + Uj)AvARcr + ctt \\v{t)\\% 

JT^ j=l 

and just follow the proof in this section. Consequently, we can construct a 
solution (u, r) of the above problem, which gives a finite time blow-up solution 
{u,n) of ([Z]). This solution {u,n) belongs to the energy class if we choose 
appropriate a £ M. 

Similarly to the proof of Theorem [T] in section [3J we can verify that 

/ \u{t,x)\^ dx=p I \Px{x)\^dx, 

lim(At)M \Vu{t,x)\^dx=p i \V Pxix)^^ dx , 

t->0 J^2 Jr2 

lim(At)M \n{t,x)\^ dx^p I \Nx{x)\^ dx, 

and 

Imrt^ = p\\xNx\\\2^^2) , 

thus obtaining (i) and (ii) of Corollary [TJ Proof for (iii) is also a trivial modifi- 
cation of the one-point blow-up case. 
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5 concentration and nonexistence of minimal 
mass blow-up solution 

In this section, we prove Theorem [2] and CoroUary [21 Wc first observe that if 
the sohition of fZ]) blows up in finite time, then ||Vw||i2 must diverge. 

Lemma 7. Suppose {u,n) be a solution of ([Z]) which blows up at T E (0,oo). 
Then, \\\/u{t)\\i^2 oo as t ^ T. 

Proof. First, by the local well-posedness and conservation of ||w||i2, we have 

\\Vu{t)\\L2 + \\n{t)\\L2 + \\v{t)\\L2 ^ oo, &st^T, (33) 
where v = — {dtn — fii(O)). Since the energy £ satisfies 

^£{u{t),n{t),v{t)) = f MO)init) + \u{t)\^)<l + £iuit),n{t),v{t)), 
at Jf2 

the Gronwall inequality imply 

£{u{t),n{t),v{t)) <Ti,te [o,r). 
Now, suppose there exists i„ — > T such that ||Vw(t„)||i2 < 1. Then, we have 



= \\^u{t,,)\\l2--\\u{t,,)\\l, + - / {n{t^) + Ht,,)\'f + -\\v{t,,)\\l2 



1 > f(w(i„),n(t„),u(t„)) 
ill 

Z Z J'j'2 z 

> -^ + \\Htn)\\l2. 

Therefore, we see ||w(i„)||^2 is bounded. Further, by the Holder inequality, we 
have 

1 > £{u{tn),n{tn),v{tn)) 

> l + i||n(t„)|U2(||n(t„)|U2-l). 

Therefore, we have ||n(i„)|||2 bounded. However, this contradicts with 
Therefore, we have the conclusion. □ 

Wc next introduce a modification of the well known concentration compact- 
ness lemma. 

Proposition 5 (Modification of Proposition 1.7.6 of [7]). Let \n oo and set 

Tl := (M/27rA„Z)2. Let Un G H\TI), \\un\\l2^r2) ^ M, ||Vu„||l2(t2) < 1. 
Set 

fi := lim liminf sup / |u„(x)pda;. 

Then, there exists a subsequence {u^} C with the following properties. 

(i) If fi — 0, then \uk\'^ — ?> os A; — ?> 0. 
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(ii) For arbitrary I > 1, there exist Vj^k for j = 1, • • • , Z and wi^k such that 

(a) For j — 1, ■ ■ ■ ,1, there exists yj_k such that suppwj^fe C {x G T^lja; — 
yj,k\ < Afc/4}. Further, considering Vj^k as a function onM^, we have 
Vj,k Vj weakly in H^iJSp') and Vj,k ^ Vj in ni^(M^) as k ^ oo. 

(b) suppwj.fc and suppwi,k are pairwise disjoint. Further, X]j=i + 
\wi,k\ < \uk\ and Yl)=i \ W\\h^ + H^fcH^i <; ||Mfe||_H-i- 

(c) ||wj,fc|li2 fJ.j and ||u)/^fc|||2 ^ M - Sj^iMj. where fii ^ and 
li-j = lim_R^oo liminf„^oo sup.ygT| !\x-y\<R \wj-i,k{x)\^ dx for j > 2. 
Further, fjLj is monotonically nonincreasing and /i/ — > as /—>■ oo. 

(d) lukl' - Ej=i - M^'dx ^ 0, r = 2,4. 

(e) liminffe^oo Jj2 |Vufcp - J2]=i |Vwfep - iVwfep > 0. 

(f) L2 |wi_fe|'* < fii for sufficiently large k. 

k 

We are now in a position to prove Theorem [S] 

Proof of Theorem\^ Let {u,n) be a solution of ([Z]) and suppose that it blows 
up at time T G (0,oo). By Lcmma[71 we have ||Vu(t)||i2cj-2-) — > cx) as t — s- T. 
Set 

£o{u,n) := / |Vwp + 1 / + [ n\u\'' , 

Jj2 Z Jj2 Jf2 




Then, we have 

S{u) < £{u) + + n f = £o{u, n). 

Take t„ — > T and set A„ := ||VM(t„) 11^2(^2). Then, we have A„ — > 00. Set 

Un{x) A„ A„ "'"x), 

iV„(a;) := A-2n(t„, A-^x). 

Then, we have \\Un\\L^(Tl) = 11^^011^2(12) and ||V[/„||l2(t2) = 1, where T^^ = 
(M/27rA„Z)^. Further, since fo < ^ ^ 1, we have 

£0n{Un,Nn) = A^^'f Q (^^(in) ) ^ 0, 

where £o„iUn,Nn) ^ J^^ |V[/„p + i^V,^ + Ar„|f7„p. Therefore, we have 
linisupf„(J7„) < linisup£'ori(t/n, ^n) = 0, 

n— J-oo n— >oo 

where 4(C/„) = /^^ |VC/„|2 - i|[/„|4. 

We prove the theorem by contradiction. So, we assume there exist Rq, Sq 
and hq such that for n > rip, wc have 

sup / \u{tn,x)f dx < Mq — So- 

yeT2 J\x-y\<Ro 
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We now apply Proposition [S] to t/„. First, 

H = lim liminf sup / |J7„(a:;)p 

= lim liminf sup / |u(i„,x)pda; 

R-^co n^oo ygT2 J|2;-y|<_R/A2 

Therefore, we have /i G [0, A/q — <5o]. Let Uk be the subsequences given by 
Proposition [51 Now, suppose /i = 0, then we have 



= liminf / pk^^dx 

= 21iminf ( / dx - 5„(C/„) 



= 2 — limsupiS„(C/„) > 2. 

Therefore, this is a contradiction. So, we have fi S (0, A/q — <5o]. We now use 
Proposition [5l Thus, for every Z S N, we have - , and wi^k which 

satisfy the properties of Proposition [S] Since ||wj,fc||^2 -> yUj < Mo~5q, we have 
by the Gagliardo-Nirenberg inequality on M? that 

for some c > 0. Take l\ sufficiently large such that c||Vwi|||2 > ||wi^_fc||^4^,j|,2-) 
for sufficiently large k. Then we have 



> lim sup En ( Un ) 

A;— >-oo 

> limsup y^g„(^'j,fc) + g«(w;i,fc) 



> limsup llVwj- fellas - lk/i,fc|ll4(T2) 

> c||Vt)o|li2 - > 0. 
This is a contradiction. Therefore, we have the conclusion of the Theorem. □ 

Using Theorem [5J we can show Corollary [2] by following the argument by 
Glangetas and Merle [12] . Before proving Corollary [51 we introduce a sharp 
Gagliardo-Nirenberg inequality on T^. 

Theorem 5 (0). Let u {j"^) . Then there exists B >0 such that 



/ \Vu\^dx + B I \u\^dx]i I \u\^dx]. 



/T2 

Using Theorem [51 we have the following lemma. 
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Lemma 8. Let £ he the energy defined in ([T]) and let B given in Theorem\^ 
Then, we have the following. 

(i) // ||uo|li2(T2) = Mo - eo, £o > 0, then 



£{u,n,v) +MoB||ii| 
(ii) // ||uo|li2(T2) ^ Mq, then 



L2 ^eo ll"llifi 



{\uf + ny dx+\\v\\l. <£{u,n,v) + ^f^ < 



Proof, (i): First, by Theorem [5l we have 



1^1 + ||n||i2 + \\v\\l2. 



J2 



n|up dx 



< ll"IU2||w||i4 



< 



By taking 6 > sufhciently smah, we have 



nlitP dx 



^ I ^ ^0 \ II l|2 



MnB 



0^,1 ||2 



Therefore, we have 



£{u,n,v) + MoB\\u\\l2 > ^ ||V«||^. 



2 , IvlQn II , ^0 ii__i|2 , 1 ii_.i|2 



^Mh + '-f\\n\\l2 + -\\v\\h 



This irapHes that £{u, n, v) + MQB\\u\\'j^2 is equivalent to the square of the norm 
of i?^ X L2 X L2. 

(ii): By Theorem [SJ we have 



> 0. 



2" 2 

Therefore, by the following identity, we have the conclusion. 



£(u, n, v) = ||Vu| 



1 , 



1 



L2 



+ o / + dx+-\\v\\ 



J2 



L2- 



□ 



Proof of Corollary We first consider the case ||uo||l2(t2) < ||Q||l2(b2), Since 
the energy £ satisfies 

-I r 
£{u,n,v) ^ / ni(0)(n + jwp) < 1 + 71, u). 



dt 

where v = — {dtn — ni(0)). By Gronwall's inequality, we have 

£iu{t),n{t),v{t))<Tl, te [o,r). 
Therefore, by Lemma [51 we have the conclusion. 
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For the case ||woIIl2(t2) = ||Q||l2(r2), following Glangetas and Merle 
we argue by contradiction. So, we assume there exists T > such that 

\\u{t)\\Hi + \\n{t)\\L2 + \\v{t)\\L2 ^ oo, t -> T. 

Now, as the previous case, we have 

£{u{t),n{t),v{t)) <tI, te [0,T). 

Therefore, we have 



/ Ht) + \uit)\'y + \\vmh<Ti, ie[o,r). 

Next, for t e [0,T), 

\\n\\H-i < 1 + / ds 
< 1 



/ \\Vv{s)\\h-i ds 



< 1+ / \\vis)\\L^ds<l. 

Jo 

Therefore, we have 

\\\u{t)\^\\H-i < \\n{t)\\H-i +\\n{t) + \u{t)\^\\H~i 
< l + \\n{t) + \u{t)\'\\L.<l. 

Finally, by Theorem [21 we have \u{tn,x — a;„)p ^ l\IoSx=o as t„ — > T in the 
distribution sense, where 6x=o is a delta function. On the other hand, |u(t„, x — 
a;„)p is bounded in H~^. So, by taking a subsequence of \u{tn, x — a;„)p, it has 
a weak limit. This implies Mo(5a;=o G . However since 5x=o ^ i this is 
a contradiction. □ 

In the case ||uo||i2 < Mq and n\ G ■, we have the conservation of energy. 
This implies that 1 1 (u, n, rij)! |^i xh-i is bounded globally in time. However, 
in the case ||mo||l2 < Mq and n\ £ H^^ \ H^^, there exists a global grow-up 
solution. 

Proposition 6. For arbitrary M , there exists a time global solution (u, n) of 
(fZjl with I |u| = M such that \\{u{t), n(t), nt{t))\\fji xL'^xH-^ — > 00 as t — S- cx). 

Proof. One can easily check that {u{t), n{t)) = (ae ~ , bt) is the solution of (jZj) 
for any a, G M. Since ||7i(<)||i2 t, we have the conclusion of the Proposition. 

□ 



A Proof of Proposition [5] 

Proposition [5] is a small modification of Proposition 1.7.6 of [7]. However, for 
the readers convenience, we give a sketch of the proof here. 
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In this section, we assume that u„, A„ always satisfy the assumption of 
Proposition [5l Set 



p„(w„, i?) := sup / dx. 

yeTl J\x-v\<R 

Lemma 9. There exists a subsequence of Un (which we also denote as Un) such 
that there exists Rn oo such that Rn < A„/4 and 

H= hm p„(u„,i?„)= lim p„(u„, i?„/2). 

Proof. We only show that we can take i?„ < A„/4. The rest of the proof is same 
as the proof of Lemma 1.7.5 of [7|. 
First, set 



Pn{un,R):= sup / Wix)} dx, 

y£Tl J\x-y\^<R 

where \x\oo — max{|.Ti|, \x2\} for x = {xi,X2). Then, from the assumption of 
Un, we have /5„(u„, A„) — ?> M. Therefore, following the proof of Lemma 1.7.5 of 
[7], we can show that there exists i?„ such that 

/z = lim pn{un,Rn)^ Ihu p„(u„,^„/8). 

So, since {|a;|oo < Rn/8} C {|a;| < ^,i/4} C {\x\oo < ^?i/4}, we have fi = 
lim„^oo Pri(uTi, ^?i/4). Therefore, taking R„ := i?ji/4, we have the conclusion. 

□ 

Lemma 10. There exists a constant K which is independent of n such that 



\Unf < Kpn{Un, 1)|| It I l/f 1 (T^ ) ■ 

T2 



Proof. See the proof of Lemma 1.7.7 of [7]. □ 

Proof of Proposition\^ (i) follows from Lemma [TUl We show (ii). Let G 
C°°(T2) such that < 61 < 1 and e{x) = 1 for < |a;|oo < 1/2 and e{x) = for 
\x\oo > 3/4. Further, define 9n,^„ £ C°°(T2) as 

0n{x) = 6 (^^IlM^IiM^ , ^„(:,) = 1 _ e„{x/2). 

Then, following the proof of Proposition 1.7.6 of [7], we see that vi^n = &nUn, 
wi_n = ^nUn satisfics (ii) (b-f) for the case I ~ 1. By using the same argument 
to wi^n we have (ii) (b-f) for the case / = 2. So, iteratively, we have (ii) (b-f) 
for all I > 1. 

We only have to prove (ii) (a). Now, since Vj_k C {x € T^\\x — j/„(i?„/2)| < 
Rn} C {x € T^\\x — yn{Rn/'2)\ < A„/4}, so we can consider Vj^n as a function 
on M^. Therefore, by a direct apphcation of Proposition 1.7.6 of [7], it suffices 
to show that 

p.j := lim liminf sup / l^jfc(2;)P = t^j- 
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We only show this for the case j = 1. Suppose /ii < /i. By taking I > 1 
sufficiently large, we have ^ > fxi. If there exists 2 < j < I such that fij = ^, 
then just rename Vj^k as vi^k- Therefore, we have ^ > flj for j = 1, • • • , Let 
s := (/i — niaxj=i_... /i/})/2. Then, for sufficiently large R, we have 



1^1 — e < liminf sup / \u, 



|2 



liminf sup / / |f j ri| 



= .max 

where the second equality follows from (ii) (d) and the third equality follows 
from the fact that 

dist(supp'i;j,„, suppwj'_„) > 'SR 

for j ^ j' and 

dist(suppz;j_„, suppw/^„) > 3i? 

for sufficiently large n. This inequality implies 2e < e. This is a contradiction 
and wc have the conclusion. □ 
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